What I intend to show in this short paper is how one can translate in relational terms the concepts of deducibility and exactness which are the result of a sequence of works on homology theory and algebraic topology. As we shall see, we shall obtain as a final product the possibility to associate to an arbitrary binary relation R a difunctional relation R e contained in R, in contrast with the difunctional closure of R which is larger that R. In [8] we have built from a given Ferrers relation R the relation 1 R R R −1 † R and proved its difunctionality, but in fact, as already noticed by Schmidt and Ströhlein ([10] p. 78 Prop. 4.4.14) R R R −1 † R is difunctional even when R is arbitrary. I shall show that, in fact, R R R −1 † R and R e are identical. It is important to notice that the construction used here for the definition of R e is made without using the Boolean difference operation.
Exactness in Algebraic Topology
First, let us describe what have been the main steps which have conducted from the classical notion of homology to its generalisation to an arbitrary category.
Let us recall that a sequence f → g → of linear mappings is a null sequence when gf = 0 or equivalently when ∀xf(x) ⊂ g −1 (0) or equivalently when imf ⊂ kerg. A (null) sequence is exact when the iclusion is the identity i.e., when imf = kerg.
The homology of the null sequence f → g → which is by definition the quotient space H(f, g) = kerg/imf is a measure of its lack of exactness.
So one can say that a null sequence is exact when its homology is the null subspace. Let us remark that one can prove the exactness of a sequence by proving that an inclusion can be replaced by an equality, and that such proof can be made by using only inclusions. That can be seen already at the level of elementary set theory: if one knows that X ⊂ Y and one wants to prove that ⊂ can be replaced by = one can prove that X ⊂ Y using only the inclusion relation without using its converse by proving that X ⊂ Y and X ⊂ Y implies X ⊂ Y .
Starting from this remark one can easily prove that a null sequence f → g → is exact iff the following deducibility property is satisfied: the nullity of the sequences If R is a binary relation consisting of all couples (f, g) such that f → g → is a null 1 I am using the notation SR for the result of the composition of the relations defined as { (x, z) : (x, y) ∈ R ∧ (y, z) ∈ S }, whereas in [10] are using the reverse notation RS. I also use the symbol for denoting the operation of Boolean difference. Give an arbitrary relation R, I denote by R rect the rectangular closure of R: R rect = domR × codR. By R † I denote the substratction of R from its rectangular closure:
sequence, one can express this property into the following form:
The first step towards generalisation was made by Hilton in 1966 [7] when he introduced special commutative squares to express the exactness of a sequence in a abelian category.
The second step mas made by Grandis in 1977 [1] showing that Hilton's exact squares qre those satisfying a deducibility condition definable from commutativity conditions only without using tha addition.
The third step was made by Guitart in 1978 (published in [2] in 1980) by introducing exact squares in 2-categories and showing why exact squares are playing for the general theory of models the role played by logical equivalence in the propositional calculus.
The Ambiquotient in Relative Algebra
Let us consider three binary relations R, U and V . Let us call the ambiquotient of R by (U, V ) denoted by R( U V the biggest binary relation in codU × domV that is solution of V SU ⊂ R where S is the unknown.
R(
It is easy to see that
The following statements and formulas are easily deduced:
Deducibility Relation with Respect to a Given Relation
Let R be an arbitrary binary relation. We shall call the relation
From the properties and formulas above, we have 3 :
2 Given an arbitrary binary relation R, we denote by R • the functional relation associated to R:
x ∈ domR } and by R gal the Galois relation associated to R:
Let us call canonical preorder of R the relation
3) is just a consequence of (3.2) when S = R.
this inclusion is a consequence of (3.3). (3.5) is just (3.2) when S = R. (3.6) is obvious. (3.7) follows from the remark that the reflexivity of R implies that (y, x) ∈ R −1 (y)× R(x), and thus (y, x) ∈ R d implies (y, x) ∈ R. (3.8) follows from (3.5), (3.6) and (3.7). (3.9): The inclusion
we get the second equality in (3.9).
It is convenient to introduce a shorter way of writing the relation
. So, we proceed on with the
Let us remark that domR ∂ ⊂ domR and codR ∂ ⊂ codR, i.e., R ∂ ⊂ R rect . Let us demonstrate that by using Boolean difference, one can give another expression for R ∂ by proving that
Given two arbitrary binary relations R 1 and R 2 ,
and, given an arbitrary binary relation R 4 ,
those inclusions being easily proved. It is also easy to prove that 5 :
The first equivalence follows from that, knowing that 
Exact Part of a Relation
We now prove the following statements:
4 By R dif I denote the difunctional closure of R.
5 I write R ∼ as an abbreviation for R −1 R.
and, given an arbitrary relation R, R e = R ed .
(4.1) follows from 
Relational Exactness and Categorical Exactness
As we mentioned in the first paragraph, the categorical notion of exactness introduced by René Guitart can be expresed in a purely relational way. If one considers a commutative square C it is exact if the commutativity of two squares X and Y having respectively the same span and the same cospan as C implies the commutativity of the bigger square Z obtained from them, in shorter terms, if one has the following implication:
Let us call disj the biunivocal relation which to any commutative square associates the couple and let us call conj the converse of disj. Then the following proposition gives the relational expression of categorical exactness:
C is exact ⇐⇒ C ∈ conj (disjC) e .
